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effectrvely scaled the ergenvalues of the precondmonmg sys-
tem to the same order of. magmtude and results in the best
numerical convergence. This is also true for a three-dimen-
sional flow over a double-delta wing.3
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Appllcatlon of a New K -7 Model
to Near Wall Turbulent Flows

S. Thangam,* R. Abid,t and C. G. Speziale}
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: Introduction :

WO-EQUATION turbulence ‘models have become in-

. creasingly popular for the calculation of practical aerody-
namic flows, which can have important- applications in the
design of advanced aircraft. The reason for this popularity is
clear: two-equation models incorporate substantially - more
turbulence physics and require less ad ho¢ empiricisms than
the older algebraic eddy-viscosity models without most of the
added difficulties that arise from the computational imple-
mentation of second-order closure models." Among the exist-
ing two-equation models, the K-e model is probably the most
popular; its successes and limitations have been fairly well
documented.!2 One major difficulty with the K-e model that
has yet to be fully resolved involves its application to near wall
turbulent flows where inaccuracies and numerical stiffness
problems can arise (see Ref. 3 for an interesting discussion of
these problems). Recently, Speziale et al.* developed a new
K- model for near wall turbulent flows wherein modeled
transport equations are solved for the turbulent kinetic energy
K and the turbulent time scale 7. Although the use of the
turbulent time scale had been proposed earlier within the
context of two-equation models (cf. Reynolds® and Zeierman
and Wolfshtein®), none of these previous studies rendered a
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model that could be integrated directly to a solid boundary
with the no-slip condition applied. Speziale et al.® demon-
strated that their new X -7 model yields excellent results, and is
computationally robust, when integrated directly to the wall in
an incompressible flat-plate boundary layer with zero pressure
gradient. The K-r model alleviates the problem of the lack of
natural boundary conditions for the dissipation rate in the K -¢
model since the turbulent time scale 7 vanishes identically at a
solid boundary.

The purpose of the present Note is to prov1de a more
comprehenswe testing and evaluation of the K-r model. Two
test cases are chosen to. evaluate the model: 1) the incompress-
ible flat-plate boundary layer with adverse pressure gradients,
and 2) incompressible flow past a backward facing step. Un-
like in the previous study,* the K-7 model will be solved with
an anisotropic as well as an 1sotrop1c eddy v1scosrty
Yoshizawa’ and Speziale® have shown that, in some cases, the
predictions of two-equation models can be enhanced consider-
ably by the use of an anisotropic eddy viscosity. The results
obtained from the K-r model will be documented in detail and
recommendations will be made for future research.

K- Model

In the standard form of the K-7 model, the Reynolds stress
tensor 7; = ulul ' (where u, is the fluctuating velocity) is of the

form
2 . ou; om;
i == Kb; —+ 1
=3 yT(axj ax; > )
where the eddy viscosity is given by
vr=C,f.Kr @)
and #; is the mean velocity, K = V2 ufu/ the t_rlrb,ulent kinetic

energy, € = v 0u} /dx; du; /0x; the turbulent dissipation rate,
7= K/e the turbulent time scale, and C, a dimensionless con-
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.Fig. 1 Comparison of the resrllts of the K-r model and experiments

for the flat-plate boundary layer with an adverse pressure gradient
(—K-7 model; o experiments of Samuel and Joubert?): a) mean veloc-
ity; and b) skin friction coefficient.
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Fig.2 Schematic diagram of turbulent flow past a backward-facmg
step.
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Fig. 3 Results obtained from the anisotropic K-r model for incom-
pressible turbulent flow past a backward-facing step with Hy/H =8,
Re = 3.85 x 104 (—K-7 model; o experiments of Driver and Seeg-
miller')): a) mean velocity streamlines; b) mean veloclty profiles.

stant that assumes a value of 0.09. In Eq. (2) f. is a wall
dampmg function that is néeded for asymptotic consistency*;
it is taken to be of the form

Su=l1+ (3.45)/(\/R¢,)] tanh (y +/70) A3)
where Re; = K7/v is the turbulence Reynolds number and

y* = yu,/v is the usual wall coordinate given that u, is shear
velocity and » is the kinematic viscosity. In an attached
boundary layer, the shear velocity is usually taken to be V7,/p
(where 7, is the wall shear stress); for more complicated turbu-
lent flows with separation, the shear velocity is assumed to be
proportional to K%, The wall damping function f,, goes to
unity sufficiently far from the wall. In the anisotropic version
of the K -r model, nonlinear corrections are added to the eddy
viscosity model as developed by Spezxale This leads to the
followmg Reynolds stress model

7y = ¥%K8; — 2C, K15, — 4CpCL fiK

X B8y — Vi8uSudy + 85 — Vi8udy) @
where
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are, respectively, the mean rate of strain tensor and its frame-
indifferent Oldroyd derivative, and Cp, is a dimensionless con-
stant that assumes a value of 1.68. Of course, the standard
eddy-viscosity model (1) is recc[vvered in the limit as' Cp 0.

The Reynolds stress models (1) and (4) are solved in con-
junction with modeled transport equations for X and r; which
take the form*:
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is a wall damping function that is needed for asymptotic
consistency. The constants C,, and C,, assume the values of
1.44 and 1.83, respectlvely, whereas for their prehmmary cal-
culations, Speznale et al.4 chose
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Fig. 4 Results obtained from the amsotroplc K -7 model for incom-
pressible turbulent flow past a backward-facing step with Hi/H =8,
Re = 3.85 X 104 (—K-r model, o experiments of Driver and Seeg-
miller!1): a) turbulence mtensnty profiles; b) Reyno]ds shear stress
proﬁles
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with the understanding that these constants could be fine
tuned to a nonequivalent set of values when a future optimiza-
tion over a variety of turbulent flows is conducted. When o,,,
0,2, and ok are identically equal, this K-r model reduces to an

equivalent K-e model which can be simply obtained by replac- -

ing 7 with K /e in Eq. (7) and replacing the 7-transport equa-
tion (8) with the equivalent equation

de de € Ay e 9 < Vr)ae
—+i—=—CaoTy—— s+—|lv+—)—
at e 'K ox Calrg 8x,-[ ) ox;

an

where ¢, is equal to the common value of ¢,,, 6,5, and o given
in Eq. (10).

Discussion of Results

The first problem that we will consider is the incompressible
flat-plate boundary layer with adverse pressure gradients—the
Samuel and Joubert? test case. This represents a rather severe
test since the adverse pressure gradient is strong enough so
that the flow is not that far removed from separation. In Fig.
la, the mean velocity profiles predicted by the standard K-7

.model using the eddy-viscosity representation (1) are com-
pared with the experimental data® at two 'stations: x = 1.76 and
2.87 m (this corresponds to freestream Reynolds numbers Re,
in the range of 2 X 10%-4 x 10%). The model predictions agree
to within 1% of the experimental results. In Fig. 1b, the skin
friction predicted by the K-7 model is compared with the
experimental data. Again, the agreement between the compu-
tations and the experimental data is within 1%. Unlike most
other two-equation models, the K-7 model does not overpre-
dict the skin friction for this adverse pressure gradient test case
(see Ref. 10 for an interesting discussion of this issue). The use
of an anisotropic eddy viscosity does not yield a significant
change in the results for this case.

The second problem to be considered is incompressible tur-
bulent flow past a backward-facing step—the same test case
considered by Driver and Seegmiller'! in their recent experi-
ments. For this flow configuration, the aspect ratio H,/H is 8
and the Reynolds number based on the inlet freestream veloc-
ity and step height is approximately 3.85 x 10* (see Fig. 2).
The calculations are conducted on a 200 X 100 nonuniform
mesh using a finite volume method (see Ref. 12). Here, we use
the anisotropic eddy-viscosity model (4) since it has been re-
cently demonstrated that such models give rise to improved
predictions in recirculating flows.%12 In Fig. 3a, the computed
streamlines obtained from the anisotropic K-r model are
shown. They indicate reattachment at approximately 6 step
heights downstream of separation—a result that is within 5%
of the experimental data.!! In Fig. 3b, the mean velocity
profiles obtained from the anisotropic K- model are com-
pared with the experimental results; the computed results are
in agreement to within 5% of the experimental results over
90% of the flowfield with a maximum deviation of about
10%. In Fig. 4a, the profiles of the turbulence intensity ob-
tained from the anisotropic K-r model are compared with the
experimental data. Although there are some discrepancies
between these results in the separation and recovery zone,
on balance, the agreement is within 10% over 90% of the
flowfield (@ minimum discrepancy of 25% occurs in the sepa-
ration zone). In Fig. 4b, the profiles of the Reynolds shear
stress obtained from the anisotropic K-r model are compared
with the experimental data.!! Again, although there are com-
parable discrepancies in the results within the separation and
recovery zones, the model predictions agree to within 10% of
the experimental data over most of the flowfield. There is no
question that this near wall model does a substantially better

job than the standard K-e¢ model, which underpredicts the
reattachment point by an amount of the order of 25-30%.

Conclusions

The near wall K-7 model of Speziale et al.# has been tested
in two applications involving incompressible turbulent flows,
and the results obtained are quite encouraging. The standard
K- model, with an isotropic eddy viscosity, yielded excellent
results for the challenging incompressible adverse pressure
gradient case of Samuel-Joubert.® For the separated flow con-
sidered, namely, turbulent flow past a backward-facing step,
excellent results were obtained from the K-7 model based on
an anisotropic eddy viscosity. In fact, we believe that these
may be the most accurate calculations for this backstep prob-
lem that have yet been obtained from a two-equation model
without the ad hoc adjustment of constants.

Future calculations are planned for supersonic boundary
layers with streamline curvature and separation (shock in-
duced or otherwise). For these flows, the K- model will most
probably have to be applied with the anisotropic eddy-viscos-
ity model (4). Furthermore, it may become necessary to incor-
porate dilatational effects into the model. After these calcula-
tions are completed and refinements are made accordingly, we
will have a much better idea of the range of applicability of the
K-r model. Nonetheless, at this point, the prospects appear to
be quite promising.
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